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Abstract
Incidence coloring of a graph G is a mapping from the set of incidences to a color-set C such that adjacent incidences of G are
assigned distinct colors. Since 1993, numerous fruitful results as regards incidence coloring have been proved. However, some of
them are incorrect. We remedy the error of the proof in [R.A. Brualdi, J.J.Q. Massey, Incidence and strong edge colorings of graphs,
Discrete Math. 122 (1993) 51–58] concerning complete bipartite graphs. Also, we give an example to show that an outerplanar
graph with ∆ = 4 is not 5-incidence colorable, which contradicts [S.D. Wang, D.L. Chen, S.C. Pang, The incidence coloring
number of Halin graphs and outerplanar graphs, Discrete Math. 256 (2002) 397–405], and prove that the incidence chromatic
number of the outerplanar graph with∆ ≥ 7 is∆+ 1. Moreover, we prove that the incidence chromatic number of the cubic Halin
graph is 5. Finally, to improve the lower bound of the incidence chromatic number, we give some sufficient conditions for graphs
that cannot be (∆+ 1)-incidence colorable.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
All graphs in this paper are simple, connected and undirected. Let G be a graph and V , E and ∆ be the vertex-set,
edge-set and maximum degree of G, respectively. For any vertex u ∈ V , let NG(u) (or simply N (u)) be the set of all
neighbors of u. As a result, the degree of u, d(u), is equal to |N (u)|. A vertex of degree k is called a k-vertex. All
notation not defined in this paper is given in the book [9]. Let
I (G) = {(v, e) ∈ V × E |v is incident with e} (1)
be the set of incidences of G. Two incidences (v, e) and (w, f ) are said to be adjacent if one of the following holds:
(1) v = w;
(2) e = f ; and
(3) the edge {v,w} equals e or f .
We will use the notation xy to refer to the incidence (x, e(x, y)), where e(x, y) denotes the edge incidence with
vertices x and y. After this change, we say that two distinct arcs uv and xy are adjacent provided one of the following
holds [7]:
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(1˜) u = x ;
(2˜) u = y and v = x ;
(3˜) v = x or y = u.
Note that (2˜) becomes redundant.
An incidence coloring of G is a mapping σ : I (G)→ C , where C is a color-set, such that adjacent incidences of
G are assigned distinct colors. The incidence chromatic number, denoted as χi , is the minimum cardinality of C for
which σ : I (G)→ C is an incidence coloring.
Incidence colorings was first introduced by Brualdi and Massey [1] in 1993. It was initially used to acquire the
strong chromatic index of an associated bipartite graph. From the definition of incidence coloring, the following
global lower bound is obvious:
Proposition 1.1. Suppose a graph G has maximum degree ∆; then χi (G) ≥ ∆+ 1.
In the same paper, Brualdi and Massey proved the following global upper bound:
Theorem 1.2 ([1]). For each graph G, we have χi (G) ≤ 2∆.
The following are some previous results on the incidence chromatic number of some classes of graphs:
Theorem 1.3 ([1]). For each n ≥ 2, χi (Kn) = n = ∆(Kn)+ 1.
Theorem 1.4 ([3]). Every k-degenerate graph G is (∆+ 2k − 1)-incidence colorable.
Theorem 1.5 ([3]). Every planar graph G is (∆+ 7)-incidence colorable.
Theorem 1.6 ([6]). Every graph G with ∆ = 3 is 5-incidence colorable.
2. Complete bipartite graph
The incidence chromatic number of complete bipartite graph Km,n with m ≥ n ≥ 2 was claimed to be m + 2
by Brualdi and Massey [1]. This result, however, should be voided. The following paragraph is the coloring strategy,
denoted as σ , of Km,n which is quoted from [1]:
“. . . To complete the proof, it suffices to incidence color Km,m with m + 2 colors 1, 2, . . . ,m + 2. We color the
incidences (wi , {wi , u j }) as follows. The incidences (wi , {wi , u1}), . . . , (wi , {wi , um}) are colored with the colors
1, . . . , i − 1, i + 1, . . . ,m + 1, respectively. For each j , the m incidences Iu j are affected by at most two colors,
and hence there are at least m colors available with which to color the incidences in Iu j . Since different Iu j ’s can be
colored independently, we may complete the coloring.”
Recall that incidence (wi , {wi , u j }) is equivalent to the arc wi u j . Since the incidences (wi , {wi , u j }) and
(u j , {u j , wk}) are adjacent, the incidences Iu j are adjacent to an m-clique of incidences on the other side, and so
are affected by at least m colors.
The following minor rearrangement of colors can remedy the proof:
σ(wi u j ) =
{
j if i 6= j,
m + 1 if i = j; and σ(u jwi ) =
{
i if i 6= j,
m + 2 if i = j.
Chen et al. in [2] provided an alternate proof for it; therefore, we have the following result.
Theorem 2.1 ([2]). For all m ≥ n ≥ 2, χi (Km,n) = m + 2.
3. Sufficient conditions for χi 6= ∆+ 1
Let the set of colors assigned to the arcs going into u be denoted by C+(u). Similarly, C−(u) represents the set of
colors assigned to the arcs going out from u.
Lemma 3.1. Let G be a graph and u ∈ V (G) with d(u) = ∆. If G is (∆+1)-incidence colorable, then |C+(u)| = 1.
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The following results are three sufficient conditions for a graph G with maximum degree ∆ that is not (∆ + 1)-
incidence colorable.
Theorem 3.2. Let u, v ∈ V (G) with e(uv) ∈ E(G) and d(u) = d(v) = ∆. Suppose N (u) =
{v, x1, x2, . . . , x∆−2, x} and N (v) = {u, x1, x2, . . . , x∆−2, y} with d(xi ) = ∆ for 1 ≤ i ≤ ∆− 2 and d(y) = ∆ or
d(x) = ∆. In addition, y ∈ N (x). Then G is not (∆+ 1)-incidence colorable.
Proof. Suppose G has a (∆ + 1)-incidence coloring σ . According to Lemma 3.1, |C+(xi )| = 1 for 1 ≤ i ≤ ∆ − 2.
Since σ(uxi ) = σ(vxi ) for all i and σ(uv) 6= σ(vu), we have σ(ux) = σ(vy). Without loss of generality, assume
d(y) = ∆; then σ(xy) = σ(vy) = σ(ux), which leads to a contradiction. Therefore, G is not (∆ + 1)-incidence
colorable. 
Theorem 3.3. Let us have u, v ∈ V (G) with u and v not adjacent in G and d(u) = d(v) = ∆. Suppose
N (u) = {x1, x2, . . . , x∆−2, y1, z1} and N (v) = {x1, x2, . . . , x∆−2, y2, z2} with d(xi ) = d(y1) = d(y2) = ∆ for
1 ≤ i ≤ ∆− 2. In addition, e(y1 y2) ∈ E(G). Then G is not (∆+ 1)-incidence colorable.
Proof. Suppose G has a (∆+ 1)-incidence coloring σ . According to Lemma 3.1, |C+(u)| = |C+(v)| = |C+(xi )| =
|C+(y j )| = 1 for 1 ≤ i ≤ ∆−2 and 1 ≤ j ≤ 2. Since σ(uxi ) 6= σ(ux j ) for i 6= j , we have C+(xi ) for 1 ≤ i ≤ ∆−2
are all different sets. Without loss of generality, assume C+(u) = {1} and since x1 ∈ N (u) ∩ N (v), we may let
C+(v) = {2} and C+(xi ) = {i+2} for 1 ≤ i ≤ ∆−2. Since C+(u) = {1} and d(u) = ∆, 2 ∈ C−(u). If σ(uy1) = 2,
then σ(y2 y1) = 2. This contradicts σ(y2v) = 2. Similarly, we have 1 ∈ C−(v). If σ(vy2) = 1, then σ(y1 y2) = 1 will
contradict σ(y1u) = 1. As a result, we have σ(uy1) = σ(vy2) = ∆+ 1. Since |C+(y1)| = |C+(y2)| = 1, it will also
lead to a contradiction. Therefore, G is not (∆+ 1)-incidence colorable. 
Theorem 3.4. Let us have u, v ∈ V (G) with u and v not adjacent in G and d(u) = d(v) = ∆. Suppose
N (u) = {x1, x2, . . . , x∆} and {x1, x2, . . . , xi } ⊆ N (v) with d(xi+1) = d(xi+2) = · · · = d(x∆) = ∆ for some i
with 1 ≤ i ≤ ∆ − 1. In addition, {xi+1, xi+2, . . . , x∆} ⊆ N (x1) ∪ N (x2) ∪ · · · ∪ N (xi ). Then G is not (∆ + 1)-
incidence colorable.
Proof. Suppose G has a (∆+1)-incidence coloring σ . According to Lemma 3.1, |C+(u)| = |C+(v)| = |C+(xi+1)| =
|C+(xi+2)| = · · · = |C+(x∆)| = 1. Without loss of generality, assume C+(u) = {1} and since x1 ∈ N (u) ∩ N (v),
we may let C+(v) = {2}. Since C+(u) = {1} and d(u) = ∆, 2 ∈ C−(u). Assume σ(uxk) = 2 with xk 6∈ N (v). From
the assumption hypothesis, we have d(xk) = ∆ and xk ∈ N (x j ) for some j . Thus, σ(x j xk) = 2 but σ(x jv) = 2,
which leads to a contradiction. Therefore, G is not (∆+ 1)-incidence colorable. 
4. Outerplanar graphs
Wang, Chen and Pang in [8] claimed that the incidence chromatic number of outerplanar graphs is∆+1 for∆ ≤ 4.
However, the following example contradicts the result for ∆ = 4.
Corollary 4.1. There is an outerplanar graph G with ∆(G) = 4 that is not 5-incidence colorable.
Proof. Fig. 1 is an outerplanar graph with ∆ = 4 which satisfies the conditions stated in Theorem 3.4. Thus it is not
5-incidence colorable. 
This example contradicts the incidence chromatic number of outerplanar graphs proved in [8]. Moreover, it shows
that Lemma 3.3 in [8], is incorrect. As this lemma is used in several places in [8], several of the proofs are invalid.
In addition to that of Corollary 4.1, there is a 2-connected outerplanar graph with ∆ = 3 that is not 4-incidence
colorable.
Example 4.1. Let G be a graph obtained from C8 = v1v2 · · · v8v1 by adding two extra edges v1v3 and v4v7. Then, G
is not 4-incidence colorable
To determine the incidence chromatic number of outerplanar graphs, we define the square of a graph in advance.
The square G2 of a graph G is defined on the vertex-set V (G) such that for u and v are vertices of G, u and v are
adjacent in G2 if and only if the distance between u and v is at most two in G. To determine the incidence chromatic
number of outerplanar graphs, we prove the following results first.
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Fig. 1. Outerplanar graph with∆ = 4 and χi = 6.
Proposition 4.2. Every graph G has χ(G2) = k if and only if there is a k-incidence coloring of G with |C+(u)| = 1
for all u ∈ V . In particular, χ(G2) ≥ χi (G).
Proof. Let λ be a k-vertex coloring of G2. Color the incidences of G by assigning σ(uv) = λ(v) for all u ∈ N (v).
Then, σ is a k-incidence coloring of G with |C+(u)| = 1 for all u ∈ V . The converse is then clear. 
Lih and Wang in [5] proved the following result.
Theorem 4.3. For all outerplanar graphs G with ∆ ≥ 7, χ(G2) = ∆+ 1.
Combining Propositions 1.1 and 4.2 and Theorem 4.3, we have the following result.
Theorem 4.4. For all outerplanar graphs G with ∆ ≥ 7, χi (G) = ∆+ 1.
From Corollary 4.1, Theorem 4.1 and Theorem 4.4, the remaining problem is to determine the incidence chromatic
number of outerplanar graphs with ∆ = 5, 6 and 2-connected outerplanar graphs with ∆ = 4.
5. Cubic Halin graphs
A Halin graph G = T ∪C is a plane graph that consists of a plane embedding of a tree T and a cycle C connecting
the leaves (vertices of degree 1) of the tree such that C is the boundary of the exterior face and the degree of each
interior vertex (also called node) of T is at least 3. The tree T and the cycle C are called the characteristic tree and
the adjoint cycle of G, respectively. The following theorem, proved by Wang et al. in [8], determines the incidence
chromatic number of Halin graphs with maximum degree greater than 4.
Theorem 5.1 ([8]). Let G be a Halin graph with maximum degree ∆ ≥ 5. Then χi (G) = ∆+ 1.
Since this section only deals with cubic graphs, Theorems 3.2 and 3.3 can be simplified to the following:
Theorem 5.2. Let G be a cubic graph. Suppose G contains a triangle and a 4-cycle sharing only one common edge.
Then G is not 4-incidence colorable.
Proof. Let u, v, x and y be the vertices of the 4-cycle and u, v and x1 be the vertices of the triangle. Since every
vertex in G is of maximum degree, these vertices satisfy the conditions in Theorem 3.2 and, thus, G is not 4-incidence
colorable. 
Corollary 5.3. Let G be a cubic graph. Suppose G contains a 5-cycle. Then G is not 4-incidence colorable.
Proof. Let xi , i = 1, 2, . . . , 5, be the vertices of a 5-cycle, in order. Suppose there is a chord in the 5-cycle. Then the
vertices xi will satisfy the conditions in Theorem 5.2 and thus G is not 4-incidence colorable. Suppose the 5-cycle
has no chord; then the vertices xi , i = 1, 2, . . . , 5, will satisfy the conditions in Theorem 3.3. As a result, G is not
4-incidence colorable. 
We are going to prove that every finite cubic Halin graph (except K4) is not 4-incidence colorable.
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Fig. 2. First restriction of the cubic Halin graphs.
Fig. 3. Second restriction of the cubic Halin graphs.
Theorem 5.4. Let Hn be a cubic Halin graph with n interior vertices; then χi (Hn) = 5 for n > 1.
Proof. Suppose there is a graph Hn that is 4-incidence colorable. Then, it must not satisfy the conditions prescribed in
Theorem 5.2 and Corollary 5.3. From [4], it contains a triangle A. Consider Fig. 2. If x1 (or x2) is an exterior vertex,
then u, v, y and x1 would satisfy the condition described in Theorem 5.2. As a result, y is adjacent to three interior
vertices.
Next, consider Fig. 3. If y1 is an exterior vertex, then u, v, y, x1 and y1 satisfy the condition described in
Corollary 5.3. Therefore, there will be eight interior vertices, denoted as z j where j = 1, 2, . . . , 8, extended from
yi for i = 1, 2, 3, 4. Finally, if there are zi1 and zi2 that have the same grandfather xi but different father yi , then
zi1 , zi2 , xi , yi1 and yi2 will satisfy the condition described in Corollary 5.3. As a result, at least four zi are adjacent to
three interior vertices. The process will proceed and therefore such a finite graph Hn will not exist; combining this
result from Theorem 1.6, we have χi (Hn) = 5 for n > 1. 
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